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Abstract 
It is shown that, if q >/29 and q ~ 0 (mod 3), the infinite class of 5-regular 3-polytopal graphs 
whose edges are incident with either two triangles or a triangle and a q-gon contains non- 
hamiltonian members and even has shortness exponent less than one. 
1. Introduction 
In this paper we mean by a graph G(V, E) a finite connected undirected graph with 
no loops or multiple edges. The graphs considered are planar and 3-connected, that is, 
all graphs are 3-polytopal. 
For any graph G let v(G) = IV] denote the number of vertices and h(G) the length of 
a maximal cycle. G is called non-hamiltonian if h(G) < v(G). 
A graph G is called regular of degree r if every vertex in V(G) is incident with r edges. 
It is called cyclically-2-edge connected if). = ).(G) is the smallest integer such that, after 
deleting ). suitably chosen edges, the remaining raph consists of 2 components each 
of them containing a cycle. Because of the 3-connectedness of the considered graphs 
we have 3 ~< ).(G). In [8] it was shown that 2(G) ~< 6. Let d(s) be the class of all 
cyclically s-connected graphs. 
The shortness exponent a(F) of an infinite class F of graphs is defined in [ l ]  by 
a(F) = lim inf log h(G) 
a~r logv(G)" 
An edge e e E(G) of a graph G is of type (a, b; p, q) if the vertices incident with e are of 
degree a and b and the two faces incident with e are a p-gon and a q-gon. 
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A regular graph with only one type of edges is either one of the five platonic solids or 
the line graph of the cube or the line graph of the pentagondodecahedron (see [5]). 
These seven graphs are hamiltonian. 
In the following we are dealing with r-regular graphs having exactly two types of 
edges and in this case we say that e is of type (p, q). Evidently, such a graph Ghas edges 
of type (p,p) and (p,q) with p # q, p,q t> 3. Let F,(p,q) be the class of all these graphs 
G. In case of r = 5 the graph G contains triangles and we can assume 3 = p < q as 
a consequence of the Eulerian formula. 
In several papers, including [1-3,6-8], it has been shown that the shortness 
exponent is less than one for many classes of graphs defined by imposing various 
special conditions. 
These results are supplemented by the following theorem. 
Theorem. l f  q >~ 29 and q ~ 0 (mod 3), then the class F5 (3, q) contains non-hamiltanian 
members. Moreover, 
log 28 
a(z~(6)nrs(3,q)) <~ ~ < I. 
Some corresponding results for the class of graphs dual to F5 (3, q) may be found in 
a recent paper by Jendrol and Owens [4]. 
2. Constructions and proof of the theorem 
A (pseudo-) graph that has half-edges as well as vertices and edges is also called 
a graph (see Fig. 1). As in [7], certain graphs which occur repeatedly as subgraphs of 
other graphs will be denoted by bold capital etters and represented in diagrams by 
labelled circles or ovals. Numbers placed round such a circle show how many edges 
the subgraph supplies to the adjoining faces of any graph in which it occurs. 
A dangling directed edge leaving the circle means that the corresponding touchpoint 
(black vertex in Fig. l(a)) is incident with two half-edges and a dangling directed edge 
leading to the circle means that the corresponding touchpoint is incident with 
3 half-edges. A touchpoint is incident with 2 or 3 half-edges. The upper index q of 
F~(k) indicates that in the interior of F;~(k) there are at most two types of faces, namely 
3-gons and q-gons, and no two q-gons are adjacent. Also, k is the number of edges that 
¥~(k) contributes to two of the four adjoining faces of the graph in which it occurs, and 
the subscript i denotes the total number of half-edges (mod 3). 
Now join a copy of F~(3) to F~(3) by identifying the black vertices in accordance 
with Fig. 2 and we obtain F~(6). By joining the two half-edges marked with a + we 
obtain F~(6) and by deleting the edges marked with a - we obtain F~(6). Continua- 
tion of this procedure l ads to graphs FT(3t), i • { 1, 2, 3}, t = 1, 2 ..... Obviously, in the 
interior of F~(3t) all faces are triangles. 
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To construct F~(k) for i t  {1,2,3}, q >/8, q~0 (mod3) and k = 3,6,7,8 .... we 
distinguish some cases. 
Case 1.1. q=3r+l ,k=8+3t ,  t=0,1 ,2  .... We obtain F~(k) according to 
Fig. 3(a) (in case of t = 0, q = 10) and Fig. 3(b). 
We convert Fg(k) into F~(k) or Fq,(k) by inserting one or two suitable edges 
(compare Fig. 2). 
Case 1.2. q = 3r + 1, k = 7 + 3t, t = 0, 1, 2 .... We construct F~(k) according to Fig. 
4 and convert it into F~(k) or Fg(k) by inserting or deleting a suitable edge, as in Fig. 2. 
Case 2.1. q = 3r + 2,k = 7 + 3t, t = 0, 1,2 .... F~(k),i e {0, 1,2} can be constructed 
according to Fig. 5. 
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Fig, 3. (a) and (b). 
Case 2.2. q = 3r + 2, k = 8 + 3t, t = 0, 1, 2, . . .  F/~(k), i E {0, 1, 2} can be constructed 
in accordance with Fig. 6. 
Now we construct a set 
A = {El, E2, E;(k) ,E2(k) ,E~(k),E~(k),k = 6,9, 10, 11, ...} 
of 5-valent 3-polytopal subgraphs with exactly three linking vertices. In their interiors 
there are only 3-gons and q-gons and no two q-gons are adjacent. 
Et and E2 are drawn in Fig. 7. 
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E~-(k) and Ei-(k) are constructed in accordance with Fig. 8. 
E l  (k) and E~-(k) are constructed in accordance with Fig. 9. 
We have used the abbreviation z + := q - 29 + z. 
Consider the graph S of Fig. 10. If we ignore the arrows and numbers we obtain the 
well-known Tutte figure which has the property that to any black vertex X there is 
a longest path through S connecting the two half-edges b and c and avoiding X and, 
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vice versa, a longest path through Sconnecting b and c avoids exactly one of the black 
vertices. 
Hence, it is clear that a longest cycle of/ ' (see Fig. 1 l) does not contain all vertices, 
that is, T is not hamiltonian. 
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Fig. 7. 
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Fig. 8. (a). 
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To prove the theorem we need the following lemma (see [7]). 
Lemma. Let F be a class of graphs and G ~ F. I f  G contains k( >i 3) copies of A (see 
Fig. 12) such that no cycle in G enters all of them, then 
log(k - 2) 
~r(F) ~< < 1. 
log(k -  1) 
It is easy to see that Fff(3), i e {0, 1, 2}, contains A as a subgraph. Consequently, all 
graphs F~(k)and all graphs in A, except El, also contain A as a subgraph, 
In accordance with Fig. 13, starting with the 3-regular, 3-polytopal non-hamil- 
tonian graph T, we construct a 5-regular graph H. It is easy to see, that H is 
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non-hamiltonian. Moreover, H fulfills the condition of the lemma. The cyclically-6- 
connectedness of the resulting raph H can be proved as shown in [9]. 
Remarks. (1) Some related results in the case q=0(mod 3) you can find in the paper 
"A Nonhamiltonian Five-Regular Multitriangular Polyhedral Graph" by H. Walther 
in this volume. 
(2) What about q < 29, q ~ 0 (mod 3)? 
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